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Abstract 

Recently, some authors have made a falsifiable claim that Noether gauge symmetry for F(R) theory of gravity 
coupled to a tachyon field enforces gauge to vanish and leads to F(R) oc R 2 , with a tachyon potential V(<f>) oc 
4>~ 4 . Here, we show that the analysis is completely wrong since the conserved current does not satisfy the 
field equations. Earlier, it has been shown that F(R) theory of gravity in vacuum or in matter dominated era 
Oh admits trivial Noether symmetry for F(R) oc Rz , because z — a 2 , a being the scale factor, becomes cyclic for 

F(R) oc Ri . Further, it has already been noticed that F{R) does not admit Noether symmetry when coupled 
to a scalar sector, minimally or non-minimally. Finally, here we show that Noether symmetry is obscure even 
when F(R) is coupled to a tachyon field. However, Noether symmetry for R 2 gravity coupled to a scalar taking 
an auxiliary variable Q different from R exists in the literature and it is not recovered from F(R) gravity. 
Since, canonization of a general F(R) theory of gravity is only possible treating R as the auxiliary variable, 
so we conclude that in general Noether symmetry of F(R) theory of gravity is obscure. 

PACS 04.50.+h 

1 Introduction 

Interest in F(R) theory of gravity has increased predominantly in the recent years (see pQ for a recent review 
and references therein). It is therefore important to apply Noether symmetry as a selection rule to find a form 
of F(R) . Canonical formulation of a general F(R) theory of gravity is only possible treating R as an auxiliary 
variable, provided F"(R) ^ (here, dash represents derivative with respect to R). In the process, the gravita- 
tional Lagrangian turns out to be a point Lagrangian, and one can demand Noether symmetry to find a suitable 
form of F(R) . Following this technique, several authors [2] found F(R) oc R* , in the Robertson- Walker metric 
in vacuum or considering pressureless dust in the F(R) theory of gravity. Although such a form of F(R) shows 
accelerating expansion from early deceleration in the matter dominated era, however, early deceleration tracks as 

1 2 . , .4 

a oc 1 3 instead of usual 1 3 , which creates problem in explaining structure formation. Further, it yields a oc 1 3 
in the radiation dominated era instead of usual 1 2 , which contradicts CMBR data. Thus, simply R? , in the 
absence of a linear term in the action, does not worth explaining presently available cosmological data 3 . It has 
been also noticed that [3] instead of the scale factor a , if one would have started with hij = z = a 2 , then z 
becomes cyclic both in vacuum and matter dominated era. Thus Noether symmetry obtained in the process is 
trivial. Situation could have been improved if Noether symmetry allows linear term R in the action, but it does 
not. To obtain a better form of F(R) , scalar field has been incorporated both minimally and non-minimally, but 
Noether symmetry remains obscure [4]. This is astonishing, since on the contrary, Noether symmetry exists for 
a scalar-tensor theory of gravity in the presence of R 2 [5j- But such result is not recovered from F(R) theory 
of gravity. This contradiction puts up doubt in treating R as an auxiliary variable for canonical formulation of 
F(R) theory of gravity, the reason is, an auxiliary variable Q different from R was taken to canonize R 2 theory 
of gravity. Let us discuss the issue in some detail. 
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In the quantum domain observable depends on the choice of momentum, while momentum is different for dif- 
ferent auxiliary variable. The canonical formulation of R 2 gravity in view of the auxiliary variable Q , leads to 
a Schrodinger like quantum dynamics, with a hermitian effective action and a straightforward probability inter- 
pretation [6]. From metric variation principle it is known that R 2 theory of gravity must be supplemented by a 
boundary term £ = 4/3 J { i R)K^/h d 3 x, where symbols have their usual meaning. It was shown [5] that to obtain 
Schrodinger like quantum equation as mentioned, it is required first to express the action in terms of the first fun- 
damental form hij and then to split the above boundary term into £ = <j\ + <72 where, o\ = 4/3 J ( 3 R)Ky/h cPx 
and cr 2 = 4/3 J ( 4 i? - 3 R)K v r h d 3 x. Canonical programme then follows by eliminating the available total deriva- 
tive term from the action, which gets cancelled with the boundary term o\ , and the auxiliary variable, Q — , 

as suggested by Horowitz [7] should be introduced thereafter. Thus Q is different from R, in the R 2 theory of 
gravity. It is important to note that such technique is not possible to follow for a general F(R) theory of gravity 
and this may be the reason why it could not reproduce Noether symmetry for F(R) = R 2 theory of gravity already 
available in the literature [5]. 

Despite the fact that Noether symmetry yields nothing other than F(R) oc i?2 ; in vacuum or in matter domi- 
nated era, some authors have recently claimed [§_ that it might yield arbitrary form of F(R) taking into account 
a gauge term in the Noether theory. Ridiculously, even after setting the gauge term to zero, it was claimed to 
be an outcome of gauge Noether symmetry. It has been shown [9] that the result [8J is wrong since neither the 
Noether equations nor the field equations are satisfied for such symmetry. More recently, the same authors have 
claimed that [10] Noether symmetry yields F(R) oc R 2 taking tachyon field into account. In the present letter 
we review the work and show that again the conserved current thus obtained does not satisfy the field equations 
here too. Further, since the authors [5J [TU] have taken time translation into account, it appears that indefinitely 
large number of such symmetry may be present. This is again not true. The gravitational Hamiltonian is not only 
conserved but also constrained to vanish and is a part of the field equations. Thus it is unnecessary to consider 
time translation in this situation and make things complicated. 

In a recent article [9] we have shown how gauge term modifies Noether symmetry for a point Lagrangian. In 
the following section we briefly review this issue to show that the gauge term has to be time independent for a 
time independent lagrangian, as in the case of gravity. Further, we shall give the form of the vector field and the 
conserved current taking gauge into account. In section 3, we write down the Noether equations for an action 
containing F(R) being minimally coupled to a tachyon field. We then review the earlier work [10] to explore 
gauge Noether symmetry for F(R) theory in the presence of a tachyon field. We finally show that the conserved 
current does not satisfy the field equations. Next, in the same section, we handle the situation in a straightforward 
manner to show that Noether symmetry enforces F(R) to vanish. This proves our earlier claim [4] that Noether 
symmetry for F(R) theory of gravity is obscure in general. 

2 Noether symmetry with gauge 

Among all the dynamical symmetries, transformations that map solutions of the equations of motion into solutions, 
one can single out Noether symmetries as the continuous transformations that leave the action invariant - except 
for boundary terms. In formal language, Noether symmetry states that, for any regular system if there exists a 
vector field X^ 1 ' , such that, 

W + *)*-£, M 

in the presence of a gauge function B(qi,t) , where X^ 1 ' is the first prolongation of the vector field X given by, 



i i 

with, on = ai(qi,t), r\ — rj(qi,t), then there exists a conserved current, 

I = ^2( a i - VQi) —^^ 2 — +V L (Qi,Qi,t) - B(qi,t) = £ a t p, t - B(q i} t) - r]{q i ,t)H{q i ,p i ,t), (3) 

i 1 i 

Let us now try to understand the issue of gauge in terms of the point Lagrangian. Although we are dealing with 
field theory, however to explore Noether symmetry, we reduce the gravitational Lagrangian to point Lagrangian 
which does not contain time explicitly. Therefore, to understand the issue of gauge it is sufficient to deal with 



d ^ d 



point Lagrangian. For a point Lagrangian, Noether symmetry states that under infinitesimal transformations 
of co-ordinates {q[ = + eai(qi,t)) and time it' = t + eri(qi,t)), if the Hamilton's principal function remains 
unchanged then there exists a conserved current. Invariance of Hamilton's principal function under infinitesimal 
transformation implies, 



J L'(ql,q!r)dt' = J L(q t ,q t )dt, 



in the absence of explicit time dependance in the Lagrangian. Now, L(q' i ,q' i ,t') may be generated from L'^q'^q^) 
under the introduction of time dependent gauge in the following manner, 



J L(q>,q>,t>)dt> = J L>(q>,q>)dt> + e J ^'ffi^ df. 
From the above two equations it follows that 



J L{qU,t>)dt' = J L(q t ,q t )dt + e J ^Mldt' . 

Now expanding L(q' i ,qi,t') and B^q^t 1 ) in Taylor series and under suitable transformations of coordinates, 
velocities and time one ends up with, 



L(qi,qi,t)dt- 



L(q i: qi)dt+e— 



. dL(qi,qi,t) 



dqi 



dL(qi,qi,t) 



B(qi,t) 



dt 



= 0, 
(4) 

retaining only up to first order term. It is apparent that the conserved current (3) may be obtained from (4) only 
if the first two terms of the above expression (4) get cancelled. This is possible provided the Lagrangian appearing 
in the very first term is time independent, which enforces a time independent gauge term B , as well. Hence, the 
very important point to remember about Noether gauge symmetry is that, for Lagrangian which does not contain 
time explicitly (as in the case of gravity), the gauge should have to be independent of time. Further, the trivial 
Noether point symmetry is , for which Noether integral is the Hamiltonian. Now for a system in which the 
Hamiltonian is conserved, the integral of motion I\ = H , which demands homogeneity of time and so 77 = 1 . This 
is the situation one encounters in gravity, where, not only the Hamiltonian is conserved, but it is constrained to 
vanish. As a result, the field equations contain the Hamiltonian constraint equation and it is useless to consider 
time translation in the case of gravity. This is the reason why earlier authors in this field never considered time 
translation. Thus the integral of motion (3) reduces simply to 



1 = ^-%,*). (5) 

i 

Essentially if gauge turns out to be zero while solving Noether equations, the integral of motion remains the same 
as for Noether symmetry without gauge and no new result is expected. This is the fallacy in the works of Hussain 
et al [5] and Jamil et al [10]. In section 3, we show explicitly that indeed Noether symmetry is obscure for F(R) 
theory of gravity when coupled to a scalar field. 



3 Action, field equations and Noether equation 

In spatially flat Robertson- Walker line element 



ds 2 = -dt 2 + a 2 [dr 2 + r 2 d9 2 + r 2 sin 2 Qdcj) 2 ] , (6) 

the following Born-Infcld effective 4-dimensional action for a rolling tachyon field cj> with Lagrangian density 
C{4>) = V{4>)y/l — (cj)^4>^ being minimally coupled to F(R) 



d 4 x. 



(7) 



leads to a point lagrangian 



L = 6ah 2 F' + 6a 2 aRF" + a 3 {F'R - F) - a 3 V((j>)yi - (<}> 2 , 
treating 



(8) 



a-6|i+2-i=o, 



(9) 



as a constraint of the theory, and effectively spanning the Lagrangian by a set configuration space variables 
(a, R, <f>, d, R,<fr,). In the above action £ is treated as the coupling constant required to make the kinetic part of 
the action dimensionless. For the above point Lagrangian the Noether equation (I) reads, 



o 



6a 2 F' + l2aaRF" + 3a 2 (F'R~F)-3a 2 V\J 1 - C</> 2 +/3 6ad 2 F" + 6a 2 aRF"' + a 3 RF"} +j[-a 3 V, <t> \f 1 - C0 2 

(a y t — QT) t t) + a, a d + a'R + a^(f> — rj M a 2 — rfaR — rj^acf) [12ad-F' + 6a 2 RF"} 
C8 )t - Rr),t) + P, a a + P'R + /3> - v.adR - r(R 2 - i^jty] [6a 2 dF"] 



i 



(l,t - 4>V,t) + l, a a + j'R + %<j,<i> - r) >a a<j) - i]'R<j> - 77,, 



V,t+Vaa + v'R + V,4><t> 6ah 2 F' + 6a 2 aRF" + a 3 {F / R~F)-a 3 V\fl - C4> 2 = B, a a + B'R + B^ + B, u (10) 

where, dash (') represents derivative with respect to R. Note that we have kept both time translation and a time 
dependent gauge function since it was taken by the earlier work performed by Jamil et al [10] . Now, equating 
coefficients as usual, we obtain a large over-determinant set of Noether equations for F" (R) ^ . These are 





= 


(11) 


a = a,0 


= 


(12) 


ft* 


= 


(13) 


7,t = l' = l,a 


= 


(14) 


B,<t> 


= 


(15) 


7,4> ~ V-t 


= 


(16) 


6a 2 F"a, t 


= B' 


(17) 


12aF'a, t + 6a 2 F"fr t 


= B, a 


(18) 


a 2 (3a + ar), t )(F'R — F) + a 3 /3RF" 


= B, t 


(19) 


" + a/3F" + 2aa a F' + a 2 /? a F" - aF'r^ 


= 


(20) 


2aaF" + a 2 /3F"' + a 2 F"(a ta + fS - rj tt ) 


= 


(21) 


3aV + ajV^ + aVrjj 


= 


(22) 



Before we proceed let us mention that if V((j>) = 0, the action (7) corresponds to pure F(R) theory of gravity, 
for which nothing other than F(R) oc R? is possible [3]. In what follows, we shall assume V(<f>) in equation 
(22) and so it will never be possible to recover pure F(R) case. Now, in view of equations (11) through (15), it 
is apparent that 77 = r)(t), a — a(t,a), (3 = j3(t,a,R), 7 = 7(0) and B = B(t,a,R). Therefore equation (16) 
dictates that 77 may be at most linear in t. Thus equation (22) clearly states that a has to be time independent 
(as 7 is) and it should be linear in the scale factor a. Thus taking a = c^a, where C4 is a constant, it is clear 
that /? has to be independent of t and a in view of equations (20) and (21) and the gauge term B must be 
independent of R as is apparent from equation (17). Further, since both a and /3 are time independent, therefore 
the gauge term further becomes independent of the scale factor a in view of equation (18). Finally, equation (19) 



is satisfied provided B ^ B(t) . In the process the gauge term B turns out to be a constant and hence plays no 
role in Noether symmetry. Thus one can set B = , without loss of generality. In view of the above analysis, we 
now have, 



t] = c%t + C3, a = 040,, ft = ft(R), j = Cx(j) + C2 and B — 0, (23) 

where, ci, 02,03 and C4 are constants. Having obtained explicit forms of rj, a and 7, we are now left to find the 
explicit forms of ft(R), F(R) and the potential V(<fi) from the set of over-determinant equations (19) through 
(22) which in view of (23) now take the following forms 



(3c 4 + ci)(F'i?- F)+F"Rf3 = (24) 

(3c 4 - a)F' + ftF" = (25) 

ftF 1 " + F"(3c 4 + ft' - Cl ) = (26) 

(3c 4 + Cl )V + (c 1 q) + c 2 )V lP = (27) 

3.1 A quick review of Jamil et al's work 

Equation (27) may now be solved for the following form of the potential 

'3c4 + cj\ { , C2 



v = v w (ci4> + c 2 ) v ; =ciVi + . ( 28 ) 

Vlo being a constant. However, the authors [TU] claimed the following form of the potential 



v = v {4> + M-\ (29) 

which is possible only under the choices, Vq = c{V\q , </>o =02/01 and in particular, ci =04, which as we shall show 
shortly, create severe problem. One can easily check that under the choice c± — C4 , equation (26) upon integration 
yields equation (25), provided the constant of integration is zero. Thus we are now left with two independent 
equations (24) and (25) to find the form of F{R) and j3(R) . However, equation (25) now reads 

f3F" = -2c x F'. (30) 
Now eliminating ft between equations (24) and (30) one ends up with 



F(R) cx R 2 



(31) 



in a straightforward manner, and ft gets solved as ft = —2c\R. At this end the authors obtained two conserved 
current Ii and I2 ■ I\ is the invariance under time translation, as stated correctly by the authors (here we point 

instead, where 



L 



out a typographical error in equation (31) of [10] . I\ should be I\ = r 

t used in [TU] stands for 77 here). Nevertheless, the third bracketed term is the Hamiltonian, which is constrained 
to vanish. Thus if I\ = is substituted in I2 (as already mentioned in section 2), the conserved current is simply, 



E 



OtiPi 



12F R 



CV <f> 



1 + o )3Wl_ C ^ 



(32) 



Conserved current is not an independent equation, rather it is the first integral of certain combination of the 
field equations. Thus it is essential to check if the above conserved current obtained for F(R) = FqR 2 and 



V = Vq{4>+4>o) 4 , satisfy the field equations, which was not performed by the authors [TU]. Now the corresponding 
field equations are 



R 
R 



^aR 
J aR 



R 
1 



V_ 
4~R 



l-((f> 2 = 0. 



(33) 



A 
a 



a 
a 



(34) 



H = F [12aa 2 R + 12a 2 dR - a 3 R 2 } 



a 3 V(</>) 



1-C0 2 



(35) 



ft is not difficult to check that the above conserved current ( I2 ) satisfies the field equations only under the trivial 
condition R = together with the condition Vq — i.e., for vanishing potential, which leads to inconsistency, since 
it has been restricted at the beginning. Thus F(R) oc R 2 is not a symmetry of the action under consideration, and 
the work performed by Jamil et al |10j is completely wrong. One can even look at the consequence in a straight- 
forward manner. It is well-known that for Noether point symmetry the Noether integral is the Hamiltonian, 
i.e., I\ is the Hamiltonian H . But here, I\ = 7]H = (c^t + c 3 )H . Thus unless 77 = I, implying c\ = and 
C3 = 1 , Hamiltonian is not obtained as the integral of motion. However, since C\ — C4 , it can not be set equal 
to zero at this stage, since it makes a = j3 = and 7 = constant, while the form of the potential (28) becomes 
undefined. Thus the Hamiltonian is never recovered as Noether integral. As mentioned in section 2, that to recover 
the Hamiltonian constraint equation as an outcome of Noether point symmetry ^ , one should start with c\ = 
a-priori, which we consider in the following subsection. 



3.2 No need to consider time translation, so, 77 = C3 = 1. 

It must have been clear by this time why earlier authors did not consider time translation. Likewise, if one starts 
with 77 = 1 , which implies c\ = and C3 = 1 , 7 turns out to be a constant and may be set as 7 = C2 = I , without 
loss of generality, thus equations (24) through (27) take the following forms, 



3ca(F'R - F) + RF"/3 = (36) 

3 Ci F' + F"p = (37) 

ppm + f"(3c 4 + 13') = (38) 

ic A V + V t<t> = (39) 

Now, just multiplying equation (37) by R and comparing it with equation (36), one can see F(R) = 0. Thus 
Noether symmetry remains obscure for F(R) theory of gravity even when it is coupled with a tachyon field. 



4 Comments 

Earlier attempts in finding Noether symmetry for F(R) theory of gravity in the vacuum and matter dominated era 
gave F(R) 0. Such a form is not suitable to explain presently available cosmological data [5]. Search of a 

better form of F(R) taking a scalar field minimally or non-minimally into account failed to produce symmetry [4]. 
Apparently, its not a problem, since not all actions admit symmetry. But then, such a symmetry for F(R) oc R 2 
already exists in the literature where an auxiliary variable Q different from R was introduced for the purpose of 
canonization [5]. Hence the result should have been reproduced from F(R) theory of gravity. Canonization of the 
action, treating R as the auxiliary variable creates problem in quantum domain [B] and so it appears that this 
may be the root of trouble. 

However, some authors claimed that F(R) in vacuum admits such symmetry for arbitrary power of i?, if a gauge 
term is introduced [8]. Ridiculously, even after setting gauge term to zero, they claimed the result to be an outcome 
of gauge Noether symmety. It has been pointed out that their result is completely wrong, since neither all Noether 
equations are satisfied nor the conserved current thus obtained satisfies the field equations Here again the 



authors did the same and claimed that Noether symmetry exists for F(R) oc R 2 , but now in the presence of tachyon 
field |10) . Not only that the conserved current does not satisfy the field equations, but also from their consideration 
of time translation, it appears that the authors are totally ignorant of the fact that the (0 0) equation of Einstein 
is the Hamiltonian in disguise which is not only conserved but also constrained to vanish. Since, Hamiltonian is 
a part of the field equations, therefore the earlier authors did not consider time translation. It has been shown 
in section 3.2 that a single line calculation reveals that Noether symmetry is obscure for tachyon field. Since all 
attempts to find Noether symmetry for F(R) theory of gravity (other than the trivial one, viz., F(R) cx ) so 
far has failed, we conclude that Noether symmetry is obscure for F(R) gravity in general and so further attempts 
in the same line, are useless. One has to select some form of F(R) a-priori, find auxiliary variable judiciously for 
canonization and then should proceed to find such symmetry, as was done for R 2 theory of gravity [5]. On the 
contrary, we remind that there exists a conserved current in general for F(R) gravity being coupled to a scalar 
field non-minimally [5J 111! 112] . Such a conserved current is not associated with symmetry of any type and is of 
help to study cosmological solutions [U [12] . 

References 

[1] S. Nojiri and S. D. Odintsov, Phys.Rept.505, 59 (2011), arXiv: 1011.0544 [gr-qc]. 

[2] S. Capozzicllo and G Lambiase, Gen.Relativ.Grav. 32, 295 (2000), |arXiv:gr-qc/9912084[ 

S. Capozziello, A. Stabile and A. Troisi, Class.Quant.Grav. 24, 2153 (2007), |arXiv:gr-qc/0703067| 
S. Capozziello and A. De Felice, JCAP, 0808:016 (2008) . larX"iv:0804.2163[ gr-qc] ; 

B. Vakili, Phys.Lett.B664, 16 (2008), ar-Xiv:0804-3449 [gr-qc] and Phys.Lett.B669, 206 (2008), ar-Xiv:0809- 
4591 [gr-qc]; S. Capozziello, P. M-Moruno and C. Rubano, Phys.Lett.B664, 12 (2008), arXiv:0804-4340 
[astro-ph] and larXiv:0812.2138 l [gr-qc]. 

[3] K. Sarkar, Nayem Sk., S. Ruz, S. Debnath and A. K. Sanval. larXiv:1201. 29871 [astro-ph.CO], 

[4] K. Sarkar, Nayem Sk., S. Debnath and A. K. Sanval. laiXiv: 1207.32191 [astro-ph.CO]. 

[5] A. K. Sanyal, B. Mo dak, C. Rubano and E. Piedipalumbo, Gen.Relativ.Grav. 37, 407 (2005), 
|arXiv:astro-p" h/031 0610. 

[6] A. K. Sanyal and B. Modak, Phys.Rev.D63, 064021 (2001); A. K. Sanyal, Class.Quant.Gravit.19, 515 (2002); 
Ibid, Focus on Astrophys. Research, Nova Science Publishers, Inc, 109 (2003); Ibid, Gen.Relativ.Gravit.37, 
1957 (2005); A. K. Sanyal, S. Debnath and S. Ruz. larXiv: 1108.58691 [gr-qc], 

[7] G. T. Horowitz, Phys.Rev.D31, 1169 (1985). 

[8] I. Hussain, M. Jamil and F. M. Mahomed, Astrophys. Space Sci.337, 373 f2012l, [arXiv:1107.521"l [Physics. gen- 
ph]. 

[9] N. Sk and A. K. Sanyal, Astrophys.Space.Sci, DOI 10.1007/sl0509-012-1184-5. larXiv:1208.2306l [astro-ph]. 

[10] M. Jamil, F. M. Mahomed and D. Momeni, phys.Lctt.B702, 315 ( 20 1 1 ) , larXiv: 1105.26101 [Physics. gen-ph] . 

[11] A. K. Sanyal, Phys.Lett.B624, 81 (2005), |arX~iv:hep-th/0504021| 

[12] A. K. Sanyal, Mod.Phys.Lett.A25, 2667 (2010), arXiv:0910.2385l [astro-ph.CO], 



